In this paper we compare the lattice of generalized closure operators and the lattice of generalizedČech closure operators.
Introduction
Tyagi and Choudhary introduced generalized closure operators in [5] . They studied generalized interior operator and generalized neighbourhood systems [5] .
In this paper, we study the lattice of generalized form ofCech closure operators. We prove that the lattice of generalized closure operators is a complete lattice. Here we determine atoms and dual atoms of the lattice of generalized closure operators and of the lattice of generalizedČech closure operators.
Generalized closure operators
Let X be any set. A collection µ of subsets of X is said to be a generalized topology on X if ∅ ∈ µ and arbitrary union of elements in µ is again in µ. The ordered pair (X, µ) is called a generalized topological space. The elements of µ are called µ open sets or simply open sets [1] . A subset A of X is said to be closed set if X \ A is open. Note that a generalized topology is said to be strong if X ∈ µ [1] .
An operator on C on P(X) which maps ∈ µ to the smallest closed set containing is a closure operator on (X, µ). It satisfies the conditions A ⊆ C(A), A ⊆ B ⇒ C(A) ⊆ C(B) and C(C(A)) = C(A). By relaxing the idempotent condition of C, a generalized closure operator is defined as follows [5] .
A subset A of X is said to be closed if C(A) = A and is said to be open if its complement is closed. The set of all open subsets of X forms a generalized topology on X called the generalized topology associated with the generalized closure operator C.
Let µ be a generalized topology on X Then the generalized function which maps A into the smallest closed set containing A is a generalized closure operator on X. This is called the generalized closure operator associated with µ. A generalized closure operator is said to be strong if C(C(A)) = C(A) for every A ⊆ X. The generalized closure operator associated with µ is strong. Example 2.2. Let X = {a, b, c}. Define C : P(X) → P(X) as C(φ) = φ, C({a}) = {a}, C({b}) = {b, c}, C({c}) = {c}, C({a, b}) = C({b, c}) = C({c, a}) = C(X) = X. Then C(C({b})) = C({b, c}) = X C({b}). Thus C is a generalized closure operator on X which is not a strong generalized closure operator.
Let C 1 , C 2 be two generalized closure operators on a set X. Then we say C 1 ≤ C 2 if and only if C 2 (A) ⊆ C 1 (A) for every A ⊆ X. Then ≤ is a partial order on the set of all generalized closure operators. Define
The set of all generalized closure operators on X forms a complete lattice and is denoted by LG(X). The generalized closure operator defined on X as I(A) = X for all A ⊆ X is the smallest element of LG(X). The Discrete closure operator defined by D(A) = A for all A ⊆ X is the largest element of LG(X). Theorem 2.3. Let X be a set. The lattice of generalized closure operators on X is a complete lattice. Let {C a : a ∈ A } be a nonempty family of generalized closure operators on X. Then the greatest lower bound
Proof. First of all we prove that C = {X → ∪ a∈A {C a (S)|S ⊆ X} is a generalized closure operator on X. We have S ⊆ C a (S) for every a ∈ A and S ⊆ X. Thus S ⊆ C(S) for every S ⊆ X. Suppose
. Thus C is a generalized closure operation. Let C be a generalized closure operator on X such that C ≤ C a for every a ∈ A . Then C a (S) ⊆ C (S) for every a ∈ A . This implies that ∪ a∈A {C a (S) ⊆ C (S). Hence C ≤ C and therefore in f {C a |a ∈ A }(S) = ∪ a∈A {C a (S)}, for each S ⊆ X. That is every subset of LG(X) has a meet. Thus LG(X) is a complete lattice.
closure operation on X. For, we have A ⊆ C a (S) for each a ∈ A and each S ⊆ X. Now suppose
is distributive hence modular.
Infra and ultra generalized closure operators
Ramachanran determined Infra and ultraČech closure operators in the lattice ofČech closure operators [4] . Here we determine the same in the lattice of generalized closure operators. Definition 3.1. Let X be any set and x ∈ X. Define C x : P(X) → P(X) as C x (φ) = X − {x} and C x (A) = X for every A ⊆ X. Then C x is a generalized closure operator on X at each x ∈ X.
Atoms in the lattice of generalized closure operators is the generalized closure operator defined on X by Theorem 3.2. A generalized closure operator on X is an infra generalized closure operator if and only if it is of the form C x for some x ∈ X.
Proof. Assume that C is an infra generalized closure operator on X. Then there exists a subset A ⊆ X such that C(A) ⊂ I(A) = X. That is there exists x ∈ X such that x C(A). Thus x C(φ). In other words C(φ) ⊆ X − {x} and C(A) ⊆ X − {x}. Hence I ≤ C x ≤ C. Since C is the infra closure operator and C I we have C = C x . We have C x (A) ⊆ I(A) for every A ⊆ X.
Thus C x is an infra generalized closure operator.
We have dual atoms in the lattice of generalized topologies are of the form P(X) \ {{x}}, x ∈ X [3] . The generalized closure operator associated with the dual atom P(X) \ {{x}} is given by
Then there exists no generalized closure operator other than C which is strictly larger than C and strictly smaller than D.
Theorem 3.3.
A generalized closure operator on X is an ultra generalized closure operator if and only if it is the generalized closure operator associated with some ultra generalized topology on X.
Proof. Let V be the ultra generalized closure operator. Then there exists no generalized closure operator V such that V < V < D. Since V is the generalized closure operator associated with the ultra generalized topology P(X) − {x}, then V(X − {x}) X − {x} and V(S) = S for every S X − {x}. But X − {x} = D(X − {x} ⊆ V(X − {x}). This implies that V(X − {x}) = X and V(S) = S for every S X − {x}. Hence V is the generalized closure operator associated with the ultra generalized topology on X.
Now suppose V is the generalized closure operator associated with the ultra generalized topology P(X) − {x}. Let V be the generalized closure operator on X such that
Hence V is the ultra generalized closure operator on X.
GeneralizedČech closure operators
In this section we study generalizedČech closure operators. EveryČech closure operator is a generalizedCech closure operator. Converse is not true. Example 4.2. Let X = {1, 2, 3}. Define Cl : P(X) → P(X) as Cl(φ) = φ, Cl({1}) = {1}, Cl({2}) = {2}, Cl({3}) = {2, 3}, Cl({2, 3}) = {2, 3} and Cl({1, 2}) = Cl({1, 3}) = Cl(X) = X. Thus Cl is a generalizedCech closure operator which is not aCech closure operator.
A subset A ⊆ X is said to be closed if Cl(A) = A and is said to be open if its complement is closed. The set of all open sets in a generalizedCech closure space (X, Cl) forms a strong generalized topology and is called the generalized topology associated with the generalizedCech closure operator Cl. Now consider the converse situation. Let (X, µ) be a strong generalized topology on X. Then the map which maps A in to the smallest closed set containing A is a generalizedCech closure operator and is called the closure operator associated with the strong generalized topology µ on X.
With any generalizedCech closure operator, there is associated an interior operation denoted by int and is defined as below. Definition 4.3. Let (X, Cl) be a generalizedCech closure space. int : P(X) → P(X) defined by int(S) = X − Cl(X − S). The set int(S) is called interior of S in (X, Cl).
From the definition of interior operator and generalizedCech closure operator we have the following proposition.
Proposition 4.4.
In a generalizedCech closure space we have the following:
Remark 4.5. int(A ∩ B) int(A) ∩ intB. For example Let X = {a, b, c}. Cl(φ) = φ, Cl({a}) = {a}, Cl({b}) = {b}, Cl({c}) = {c}, Cl({a, b}) = Cl({b, c}) = Cl({a, c}) = Cl(X) = X. Then Cl is a generalizedCech closure operator on X. Then int({a}) = int({b}) = int({c}) = φ, int({a, b}) = {a, b}, int{b, c} = {b, c}. Then int({a, b} ∩ {b, c}) int({a, b}) ∩ {b, c}. Proof.
⇔ S is open.
Definition 4.7.
A neighbourhood of a subset S of a generalizedCech closure operator is any subset N containing S in its interior. Thus N is a neighbourhood of S if and only if S ⊆ int(N). We say N is a neighbourhood of an element x ∈ X, if N is a neighbourhood of the singleton set {x}. 
Proof. This result is obvious from the definition of a neighbourhood of a subset S of X. Proof. Suppose x Cl(S), Then by the definition of neighbourhoods, X − S is a neighbourhood of S. That is there exists a neighbourhood of x which does not meet S. Thus every neighbourhood of x meets S implies that x ∈ Cl(S). Conversely suppose N is a neighbourhood of x which does not meet S. Then x ∈ int N and S ∩ N = φ. Thus x ∈ int N ⊆ int (X − S) = X − Cl(S). This implies that x Cl(S). Hence x is in the closure of a subset S of X implies that every neighbourhood of x meets S. Proof. Let C be a generalizedCech closure operator such that I ≤ C < V a,b . Then V a,b ({a}) ⊂ C({a}) ⊆ I({a}). Then X − {b} ⊂ C({a}) ⊆ X. Then C({a}) = X. Hence C = I.
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